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1. INTRODUCTION 
Much work has been done on the question of existence of weak solutions 
for the hyperbolic system 
ww - w4(f@4 = 0 
! (au/at) - @/ax) = 0 ’ -m<x<m, t>o, (1.1) 
when f is C2 and satisfies the convexity condition f “(u) # 0. This is a natural 
condition for aerodynamic applications, but not, for example, in nonlinear 
elasticity. In addition, the function f is often empirically determined in 
applications, and is frequently no more than a piecewise linear approximation. 
In this paper we establish the existence of weak solutions for the Riemann 
problem for (1. I), that is, when (u, w) (x, t) satisfies the initial conditions 
where (2~~ , 1~) and (u, , w,) are arbitrary constant states, and where f, while 
assumed to be continuous, nondecreasing, and piecewise Cl, and to satisfy 
a certain property (Q) given below, need not be convex, concave, or “genuinely 
non-linear” in the sense of Lax [I]. Wendroff [2] proves a similar result for 
the more restricted class off which are C2 and have f” = 0 only at isolated 
points (compare Q(3) below).l 
* This work was supported by a grant from the National Science Foundation. 
+ Present address: 545 South Sherman Street, Denver, Colorado 80209. 
1 Wendroff [3] also proves some results for the Riemann problem for the 3 x 3 
system of nonlinear hyperbolic conservation equations of nonisentropic flow when 
the presure is a nonconvex function of the volume. 
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PROPERTY Q. If x1 < x2 are any two fixed points in R, let D(x, , x2) and 
D*(x, , x2) be the cZosed conwex hulls of the sets ((x, y): y 3 f(x), x1 < x < x2} 
and {(x, y): y <f(x), x1 < x < x2), respectively. For x1 < x < x2 , Zet 
and 
x -+ b(x; x1 , xa) = min{ y: (x, y) E D(x, , xJ} 
x + b*(x; x1 , x2) = maxi y: (x, Y) E D*(x, , x2)) 
denote the lower boundary curve of D(x, , x2) and the upper boundary curve of 
D*(x, , x2), respectively. Then we have the following. 
(1) The derivatives of b(x; x1 , x2) and b*(x; x1 , x2) with respect to x, 
denoted by b’(x; x 1 , x2) and b*‘(x; x1 , x2), respectively, exist except at a finite 
set of points, S, in the interval (x1 , x,); 
(2) There exist positive numbers M and m, independent of x1 , x2 , such 
that m < b’(x; x1, x2) < M and m < b,‘(x; x1 , x2) < M, for all x in 
(Xl P xJ\SJ- 
(3) The number of values c for which there exist distinct points x, y in 
(x1 , x,)\S such that 
b’(x; x1 , x2) = b’(y; x1 , x2) = c, 
OY 
is Jinite. 
b*‘(x; xl, 4 = b,‘(y; xl , ~2) = c 
Remark. The set of functions with property Q is not empty. For example, 
it contains any Ca function f with positive first derivative bounded above and 
below (away from zero) such that the inverse image of zero under f” contains 
no cluster point; and any piecewise linear function whose first derivative is 
similarly bounded, and whose number of break points in any bounded interval 
is finite. Also, property Q (2) can be weakened, allowing m and M to be 
functions of x1 and xa , hence allowing f ‘( y) -+ 0 as y + + co or as y + -co, 
provided the decay off’ is not too rapid (e.g., no faster than l/i y I). Proposi- 
tion 2.1 is the only result which would require modification. 
Inclusion of piecewise C1 functions f in the class under consideration has 
significant advantages. When f is piecewise linear, the solution to (1.1) and 
(1.2) constructed in this paper is piecewise constant. This should facilitate 
the study of the mutual interactions of “shock-fans,” a phenomenon described 
in Section 3, including the classical wave-wave and wave-shock interactions, 
in the following way: if the arbitrary function f of (1.1) is approximated by a 
piecewise linear function, and the initial data by piecewise constant data, the 
interaction problem is reduced to a series of Riemann problems of the type 
described in this article (cf. Leibovich [4, 51). The same procedure may be 
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of value in the study of (1.1) f or arbitrary Cauchy data,2 and would also seem 
to be advantageous for the numerical computation of solutions. 
A weak solution of (1.1) and (1.2) is defined to be a pair of real-valued, 
bounded, measurable functions (u, V) on R x [0, co) such that (1.2) is 
satisfied and such that for any Cl functions g and h with compact support 
in R x [0, co), 
and 
j-,, (wgt - f(u) g.) dx dt + /-;u(x, 0) 0, 0) dx = 0 
St,, (uh, - wh,) dx dt + j-w er(x, 0) h(x, 0) dx = 0. 
m 
It is well known that, if (u, V) (x, t) satisfies (1.2), has only piecewise 
smooth line discontinuities (shocks) in the x - t plane, and satisfies (1.1) at 
all points of continuity, then it is a weak solution if and only if it satisfies the 
Rankine-Hugoniot relations (a.e.) along each line discontinuity x = s(t): 
w El = --La S(f) kl = -bl, (1.3) 
where 
and 
S(t) = (d/dt) s(t), [VI = f+(t) + 0, t> - +(t) - 0, t), 
bl = u(q) + 0, 0 - W) - a t), 
VI = mw + 0% 9) - f ww - o,t>>. 
The solutions constructed in this paper will be of this type. 
Since weak solutions are not, in general, unique, additional conditions 
are usually imposed in an effort to guarantee uniqueness. We now give such a 
condition (C) which our solutions will satisfy. 
CONDITION C. Let 
(% w) (x + 0, t> = (u+ , w+) (x9 t), 
and 
04 4 (x - 0, t) = (u- 3 w-1 (x, t), 
04 = Kf@+) - fkMu+ - u-)1 b - u+> 4 f@+). 
(w = Z(U) is the straight line in the u-w plane joining the points (u+ ,f(~+)) 
and (u- , f(uJ).) Then a weak solution (u, w) (x, t) of (1.1) satisfies condition C 
if at all points of discontinuity, except possibly for a finite number of them, 
the following condition is satisfied: 
e Dafermos [6j has used such an approach in his existence proof for the Cauchy 
problem for the single equation, ut - f(u), = 0. 
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(1) For those points of discontinuity where v, > v- , Z(u) >f(u) for 
all u in the interval 
[u-,24+], if u+>u-; [u+,u-1, if u+<U-; 
(2) for points of discontinuity where v+ < v- , I(u) <f(u) for all u 
in the interval 
[u- , u+], if u+ > u- , [u+ , u-1, if u+ < u- . 
Condition C is a generalization of condition E of Oleinik [7], which 
guarantees uniqueness of solutions of the single equation ut - f(u)= = 0. 
Iff has one continuous derivative, condition C includes but is not equivalent 
to the statement that, for shock-type solutions, 
(f’(u-))l12 3 P b (f’(u+))1/2, if v>o 
(1.4) 
- (f’(~-))~/~ > V > -(f’(u+))li2, if v < 0, 
where V is the velocity of the shock; +( f’(u(~, t)))ll” and -(f(u(~, t)))1/2 are 
the slopes of the forward and backward characteristics, respectively, at a 
point (x, t), and u+ , II- are the limiting values of u(x, t) from the right and 
left, respectively, at each point of the shock line. If f is concave or convex, 
condition C is equivalent to (1.4) f or shock discontinuities. If, in addition, 
fis “genuinely nonlinear,” i.e., iffis C2 andf”(u) # 0, (1.4) is the same as the 
condition proposed by Lax [l], and the inequalities of (1.4) are necessarily 
strict. 
Using a “vanishing viscosity” type of argument, Wendroff [2] is able to 
eliminate certain weak solutions which violate condition C; i.e., he shows that 
they cannot be limits, as E ---f 0, of smooth solutions of the associated system 
of “viscous” equations 
vt -fn = qm?, Ut - 21, = 0. 
2. THE SHOCK-FAN CURVES 
In this section we give a generalization of the wave and shock curves 
associated with (1.1) when f is “genuinely nonlinear” (cf. Johnson and 
Smaller [8]). The functions b and 6, are those introduced previously in the 
statement of property Q. 
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DEFINITION. The forward shock-fan curve from a point (q, , q,) in R2, 
F(.; u. , vo): R1 + RI, is defined by 
vo - 
F(u; uo 9 vo) = s 
u [b'(y; % ~31”” dY, u d uo 3 
v. - "l [b*'(y; 240 , u)]"" dy, 
s 
WI 
240 < u. 
%I 
The backward shock-fan curve from a point (u. , vo) in R2, 
B(.; u. , vo): R1 + Ii’, 
is defined by 
/ 
vo + 
B(u; %I ,vo) = s 
u MY; % uo)l”” dY, u G uo ,
vo + : [b*'(y; uo ,.>I”” dy, f 
(2.2) 
240 <u. 
PROPOSITION 2.1. There exist constants K, > KI > 0, depending only 
on the upper and lower bounds, C, and C, , respectively, for f ‘(u), such that, for 
all u and all E > 0, 
and 
-K,E < F(u + 6) - F(u) < -K,E 
(2.3) 
K,E > B(u + c) - B(u) 2 KIq 
where we employ the abbreviations F(u) =F(u; u. , vo), B(u) = B(u; u. , vJ. 
Proof. Since F(u + l ) -F(u) = B(u) - B(u + c), we consider only F. 
Case 1. u<u+~<u~. 
F(u + 4 - F(u) = - f;E WY; u, ~0))~'~ - (b'(y; u + E, u,#'~] dy 
s 
uir - (b’b; u, ~0))“~ 4 
u 
% 
=- 
s I 
Uy; u, uo> - b’(y; u + E> uo> 
I1+E (b’(y; % uop2 + (b’(y; u + es uo)y 1 
dy 
s 
u-e 
- WY; u, ~0))~'~ 4 (2.4) u 
Simple geometric considerations imply that 
b’(y; u, uo> 2 b’b; * + et uo), (a.e.), u<u+E<y<uo. (2.5) 
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It is clear that b’ has the same bounds as f ‘. Hence (2.4 j(2.5) imply that 
F(u + 4 - F(u) 3 -W-731 s::, [b’b; u, uo> - b’(y; u + E, u,>] dr
>, -p2 
[I 
% b’(y; % %> dY - 
u 
JUT6 b’(y; u + EP 63) dY] 
= C;1’2[f(U) - f(z.4 + E)] ,, - EC2C;1’2, (24 
Similarly, it is easy to show that 
F(u + E) - F(u) < (2C3f [f(u) - f(u + E)] < -EC,(2C,““)“. (2.7) 
Case 2. u < uO < 21 + E. 
F(U + E) - F(u) = - [u+' (b,'(y; u. , u + ~))l'~ dy - J;'(b'(y; u, u,,))~'~ dr- 
UO 
Now &*’ and 6’ are both bounded above by C, and below by C, , hence 
-dy2 < F(” + E) - F(u) < -Hy. (24 
Case 3. q, < u < u + c. Calculations similar to those of Case 1 yield 
If 
and 
-dz2c,-1’2 <F(u + c) - F(u) < -Eq2C;‘y. (2.9) 
Kl = min{C,(2Ci’2)-1, C:‘2} = C,(2C,““)-‘, 
K2 = max{C2(2C,1’“)-‘, Ci’“}, 
then (2.6)-(2.9) yield (2.3). Q.E.D. 
COROLLARY 2.2. Giwen any two points (ul , WJ and (u2 , (u2) in R2, there 
exists a unique point, (ti, B), such that 
-3 =F(u; u, , WI) = qi; u2, %I. 
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3. CONSTRUCTION OF THE SOLUTION 
PROPOSITION 3.1. If v1 = F(u,; u, , v,), then the Riemann problem (l.l)- 
(1.2) has a solution of the form (24, v) (x, t) = (u, v) (x/t) satisfying condition C, 
and such that (u, v) (x/t) = (ul , VJ for x/t < E, for some E > 0. Furthermore, if 
xl < x2 , then, for each t > 0, (u(xZ , t) - u(xl , t)) (u, - uI) > 0; and, if 
0 < t, < t, , then, for each x, (v(x, t2) - v(x, tJ) (vr - vl) 6 0. 
Proof. We consider only the case u1 < u, . The proof when U, < ur is 
analogous. 
We adopt the abbreviated notation b(u) = b(u; u1 , u,). Since b’(.; u1 , u,) 
is non-decreasing on (ul , u,.) and bounded, the limits b’(u +) = lim,,, b’(y), 
and b’(u -) = lim,,, b’(y) exist everywhere on (ul , u,). We normalize b’ 
by making it continuous from the left. Define 
If b’(u,. -) # b’(u, +), the fact that f has property Q implies that the remain- 
ing region {(x, t): b’(u, +) < (x/t)2 < b’(uT -), x, t > 0}, can be uniquely 
divided into a finite number of nonempty, disjoint wedges, 
Rn = e, t): 4 < (x/t)2 < Y, ) x, t > O}, n = 1, 2 ,..., N, 
where yl = b’(u, -), Y, = Z,+r (n = 2,..., N), IN = b’(u, +), such that 
either: 
(a) there exists an open interval I,, = (uln, u,.“) C (ur , u,) such that the 
restriction of b’ to I, is a continuous and one-to-one map of IN onto 
b’(I,) = {y: I, < y < Y,}, but b’ is not a continuous and one-to-one map of U 
onto b’(U) for any open interval U properly containing I,; or else 
(b) there exists a point u, in the interval (ul , ur) such that b’(un -) = I, 
and b’(un +) = I,, . 
The definition of b implies that if b’ is one-to-one on some interval, then 
b = f on that interval. Hence if (a) holds for R, , f’ is continuous, one-to-one 
and increasing on I,, , and f ‘(uCn +) = Z, , f ‘(u,n -) = Y, . If we set 
W(u) = v, - I u (WN1’2 dy, + (3.1) 
then it is easily verified that the restriction of W to I,, is precisely the ordinary 
forward wave curve of [8] through the points (urn, W(qn)) and (uln, W(uln)). 
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Thus, from [8], a continuous, forward centered simple expansion wave solu- 
tion to (1.1) exists in R, , which we adopt as our solution there: 
04 4 W) = (YW, WYW)>>, (3.2) 
where f’(y(~/t)) = (~/t)~. We note that 
In the remaining R, , for which (b) holds, we define 
(4 v> (44 = (%i % w4>, (~9 t) E 4, , (3.4) 
where u, is given in (b) and W(u,J by (3.1). 
We have now defined (u, V) (x/t) for all X, t >, 0, except on a finite number 
of rays from the origin (of slopes Y, , n = I,..., N, and lN .) We normalize 
the solution by making it continuous from the left. The verification that 
(u, Y) (x/t) is a solution reduces to checking that the Rankine-Hugoniot 
relations hold across those rays where the solution suffers a discontinuity, 
hence, from (3.1)-(3.4) and the observation that W(uJ = F(u,; U, , v,) = V, 
across those rays where u(x/t) is discontinuous. 
Let 
and 
yn' zzz 
I 
;f; if (a) holds for R, , 
if (b) holds for R, , 
ynl zz 
1 
if (a) holds for R, , 
if (b) holds for R, . 
From the definition of R, and the non-decreasing nature of b’, we have 
b’(u) = 1, = r,+, , ym+l < u < yn , if Yrn+1 f YN1s 
n = 1, 2 ,..., N - 1, 
b’(u) = rl , yl” < 24 < u, , if Yl’ z ur 3 (3.5) 
b’(u) = lN , u1 < u -=c yN1, if Ul ZY.2. 
Equations (3.1)-(3.5), together with the observation that 
and 
b(4 = f(urh W) = f(uJ 
b(yn7 = f(~n% bh’) = f(~n’), n = l,..., N, 
(3.6) 
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imply that the Rankine-Hugoniot relations are satisfied across every dis- 
continuity line. 
It is clear from the construction that u(x/t) is a nondecreasing function of x 
for each fixed t, and hence from (3.1), v(x/t) is a nonincreasing function of x 
for each fixed t, hence a nondecreasing function of t for each fixed x.a 
Since u(x/t) and v(x/t) are, respectively, nondecreasing and nonincreasing 
functions of x for each fixed t > 0, verification that condition C holds 
reduces to showing that l(u) <f(u), u- < u < u+ , where we now employ the 
notation in the statement of condition C. But from (3.5) and (3.6), Z(U) = b(u), 
U- < u < u+; and, from the definition of b, b(u) <j(u) for all u. Q.E.D. 
Remark. We will refer to the solution in the closure of (Jrzl R, , including 
the classical waves, shocks, and contact discontinuities occurring there, as a 
shock-fan. 
PROPOSITION 3.2. If vr = B(u,; uz , a,), then the Riemann problem (l.l)- 
(1.2) has a solution of the form (u, v) (x, t) = (u, v) (x/t) satisfying condition C, 
and such that (u, v) (x/t) = (ur , vr) for x/t > E, for some E < 0. Furthermore, 
if x1 < x2 , then for each t 2 0, (u(xz , t) - u(xl , t)) (ul- - uJ > 0; and 
if 0 ,( t, < t, , then, for each x, (v(x, tz) - v(x, tl)) (vr - VJ 3 0. 
Proof. The proof is an obvious modification of the preceding one, and is 
omitted. 
THEOREM 3.3. Given any twopoints (ul , q) and (ur , vT) in R2, the Riemann 
problem (l.l)-(1.2) has a solution of the form (u, v) (x, t) = (u, v) (x/t) satis- 
fying condition C. 
Proof. From Corollary 2.2, there exists a state (u; V) such that 
v = F(ii; u, , v,) = B(ti; u1 , ~1~). 
By Proposition 3.1, there exists a solution (U, V) (x/t) to the Riemann problem 
with data 
such that (U, V) (x/t) = (c, v), x/t < <I , c1 > 0. By Proposition 
exists a solution (0, P) (x/t) to the Riemann problem with data 
3.2, there 
3 In the case uI > u, , this statement would remain true if “non-decreasing” were 
substituted for “non-increasing,” and vice versa. 
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such that (0, P) (x/t) = (ti, v), x/t > c2 , l 2 < 0. The function 
(U, v (4th 
(Us v, W) = l(0, V) (x/t), 
x/t > 0, 
x/t < 0, 
is the required solution. Q.E.D. 
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